Higher order singular value decomposition (HOSVD) is an efficient datadriven decomposition technique, and shows the salient ability in the representation of high-dimensional data and feature extraction. In addition, fuzzy reasoning can solve the uncertainties of the source images' contributions to the fused image and is easy to apply. Motivated by the advantages mentioned above, a new HOSVD and fuzzy reasoning-based multi-focus image fusion method is proposed. Firstly, sub-tensor is constructed by two image patches separately from the two multi-focus images and HOSVD is employed to obtain the decomposition coefficients of image patches. Secondly, the weighted average fusion rule based on fuzzy reasoning is proposed for fusing the decomposition coefficients, and fuzzy reasoning rule is designed based on average energy, regional energy and match degree. Finally, the fused image is achieved by the inversing HOSVD. Experimental results indicate that the proposed method performs better than other methods both visually and quantitatively.
does not require to set parameters and thresholds. Therefore, HOSVD is adopted to decompose source images in the proposed method.
Tensor-based information processing methods are data-driven and effective to represent high-dimensional data and extract related features. Tensor decomposition methods are rigorous ways to reveal the structure embedded in a multidimensional dataset which have been widely applied in signal processing, numerical linear algebra, computer vision, and elsewhere [12] . As one of the most efficient tensor decomposition techniques, HOSVD is an efficient data-driven decomposition technique and can be used to extract the features of tensor. In view of the fact that image fusion relies on local information of source images, the source images are divided into image patches. Corresponding image patches of source images are used to construct the sub-tensors and then HOSVD is employed to obtain decomposition coefficients of image patches. Moreover, the weighted average fusion rule is adopted to fuse the decomposition coefficients of image patches. Furthermore, to overcome the uncertain problems in the process of image fusion, the weight can be determined by fuzzy reasoning. Fuzzy reasoning is an effective way to resolve uncertain problems and has been used to improve the quality of image fusion. Zhu Mengyu et al. [13] developed an image fusion method based on fuzzy logic and wavelet transform, but the author used the DWT as the decomposition tool, which affected the fused result to some extent. Sa Chen et al. [14] introduced an image fusion method based on contourlet transform and fuzzy logic. Through building the fuzzy relations and estimating the importance of contourlet coefficients with fuzzy reasoning, the fused result is more effective than traditional methods. But the "choose-max" scheme is used when fusing the high frequency coefficients. This may lose some important information of the source images. Taken together, the HOSVD and the weighted average fusion rule are proposed in this paper. And the weight is obtained by fuzzy reasoning. With the fuzzy if-then rules and membership functions designed for the image data set, it can resolve the uncertainties of each source image's contributions to the fused image and make the fused result more effective [15] . In this paper, three features including average energy, regional energy and match degree extracted from the decomposition coefficients are used to construct the fuzzy reasoning rule.
The rest of this paper is organized as follows. The theories of tensor, HOSVD and fuzzy set are introduced in Section 2. A novel multi-focus image fusion method based on HOSVD and fuzzy reasoning is developed in Section 3. Experimental results are presented in Section 4. Conclusions are drawn in Section 5.
THE THEORIES OF TENSOR, HOSVD AND FUZZY SET 2.1. Tensor and HOSVD
Tensors (multi-way arrays) are generalizations of scalars, vectors and matrices to an arbitrary number of indices. An N th-order tensor is an element of the tensor product of N vector spaces. Several basic notations and operations of tensors are introduced in this section.
1) A first-order tensor is a vector, a second-order tensor is a matrix, and tensors of order three or higher are called higher-order tensors.
2) The order of a tensor is the number of dimensions (i.e., ways or modes). An Nth-order tensor A has N indices i 1 , i 2 , ...., i N and indices taking on discrete values typically range from 1 to their capital version, e.g., i 1 =1, 2 ...., I 1 .
3) The mode-n matricization of a tensor A∈R I 1 ¥I 2 ¥…¥I N is an operation that converts an N-way array into a matrix, denoted as A (n) . For example, a 2×3×4 tensor can be arranged as a 3×8 matrix. Tensor element (i 1 , i 2 , ...., i N ) maps to matrix element (i n , j) where , with .
4) The nth mode product of a tensor A∈R I 1 ¥I 2 ¥…¥I N with a matrix along the nth mode is denoted by A¥ n U ∈ R I 1 ¥…¥I n-1 ¥J n ¥J n+1 ¥…¥I N , the entries in tensor are .
5) The HOSVD of a tensor
where S ∈ R I 1 ¥ I 2 ¥ … ¥ I N is the core tensor which satisfies the all-orthogonality conditions [16] , and U n ∈ R I n ¥ I n , n = 1, 2, …, N, are the unitary matrix of n-mode left singular vectors of A (n) . The HOSVD of (I 1 ¥ I 2 ¥ I 3 )-tensor A is displayed in Fig.1 , where {q 1 , q 2 , …, q I 3 } denote the image dataset.
n n n N n n n N n n n n Figure 1 . The HOSVD of( I 1 ¥I 2 ¥I 3 )-tensor A.
Fuzzy Set Theory
In fuzzy set theory, each object has a membership degree in a given fuzzy set and the degree to which an element belongs to a fuzzy set is given by the membership function. The value range of the membership function is from 0 to 1. The most common operations of fuzzy logic are intersection, union and complement. Suppose the membership functions are m A and m B for a given fuzzy set A and B respectively. The basic operations between A and B are defined as follows. 1) Intersection: The intersection of A and B is denoted as and defined by, (1) 2) Union: The union of A and B is denoted as and defined by,
3) Complement: The complement of A is denoted as and defined by,
THE PROPOSED MULTI-FOCUS IMAGE FUSION METHOD 3.1. The Scheme and Procedure of the Proposed Method
In this section, the scheme of the proposed method is presented in Fig.2 . The proposed method using sub-tensor is more reasonable than that using the whole tensor because image fusion depends on the local information of source images. Therefore, the source images divided into a number of image patches is necessary. However, it will cause discontinuous gap pixels if two adjacent image patches are chosen from different source images. So here a sliding window technique is utilized to avoid this case. And then the corresponding image patches are constructed into sub-tensors. Seeing that HOSVD is one of the most efficient data-driven decomposition techniques, it is employed to obtain decomposition coefficients of image patches. The decomposition coefficients are fused by the weighted average fusion rule based on fuzzy reasoning (WAFR), which is benefit for overcoming the uncertain problems in multi-focus image fusion. Considering that the average energy can reflect the
amount of information in the image, the regional energy can measure the correlations between decomposition coefficients, and the match degree can describe the match extent of corresponding pixels in input images, they are extracted and used to design the fuzzy reasoning rules. The proposed algorithm can be summarized as follows: Step 2:
For each divided sub-tensor A i , the decomposition coefficients are acquired through HOSVD.
In order to construct the fused result easily, we use the S i  instead of S i as the features of image patches. Figure 2 . The scheme of the proposed method.
Each image patch B i (k), k =1, 2 of the sub-tensor A i , can be represented as
A novel WAFR is designed and used to merge the decomposition coefficients S i  (:,:,1) and S i  (:,:, 2) to obtain a new coefficient matrix D i . In order to facilitate the representation, let c ik
can be represented as
Where
and w c i2 are the weights of decomposition coefficients.
For the fused coefficient matrix D i , the fused image patch F i is obtained as follows:
Step 3: The fused image is reconstructed using image patches F i . First, initialize G (M ¥ N) and R (M ¥ N) as two zero matrices; Then, superimposed F i onto G at its corresponding patch position and R is used to save its superimposed times; Finally, the added pixel value G divided by its adding times R is regarded as the fused result.
The Weighted Average Fusion Rule Based on Fuzzy Reasoning
Fuzzy reasoning is an effective way to address uncertain problems based on fuzzy logic. Compared with other methods, fuzzy logic has advantages in terms of flexibility, comprehensibility and integration of imprecise data and so on. Considering these advantages of fuzzy reasoning, a weighted fusion rule based on fuzzy reasoning is presented. To design reasoning rules, three features, including average energy, regional energy and match degree, are extracted from c ik , k = 1, 2. The specific implementation process is described as follows.
(1) Features extraction and normalization For c ik (x, y), the size of neighbor window centered at (x, y) is t ¥ t and the features of that including average energy (AE c ik ), regional energy (RE c ik ) and match degree (MD i ) are extracted and defined as follows.
where
; t is the size of neighbor window; "|. |" is the operation of absolute value; w  refers to window mask and ; MD i ranges from 0 to 1. and set E c i2 are determined, and meet the probability distribution m E c il (u) + m E c il (u) = 1. The membership functions are defined as (13) In a similar way, for W  , it establishes two fuzzy sets S c i1
and S c i2 . S c i1 = {the regional energy of c i1 is dominant} and S c i2 = {the regional energy of c i2 is dominant}. Then, two fuzzy sets M i and M 
3) The design of fuzzy reasoning rule In this section, the main goal is to set up fuzzy reasoning rule. According to Mamdani minimization rule, there are eight rules to be designed. That is, If the average energy of c i1 is dominant, the regional energy of c i1 is dominant and c i1 and c i2 are unmatched, this rule can be expressed in a fuzzy form as follows:
If the average energy of c i2 is dominant, the regional energy of c i2 is dominant and c i1 and c i2 are unmatched, this rule can be expressed in a fuzzy form as follows:
If the average energy of c i1 is dominant, the regional energy of c i1 is dominant and c i1 and c i2 are matched, this rule can be expressed in a fuzzy form as follows:
If the average energy of c i2 is dominant, the regional energy of c i2 is dominant and c i1 and c i2 are matched, this rule can be expressed in a fuzzy form as follows:
If the average energy of c i1 is dominant, the regional energy of c i2 is dominant and c i1 and c i2 are unmatched, this rule can be expressed in a fuzzy form as follows: If the average energy of c i2 is dominant, the regional energy of c i1 is dominant and c i1 and c i2 are unmatched, this rule can be expressed in a fuzzy form as follows:
If the average energy of c i1 is dominant, the regional energy of c i2 is dominant and c i1 and c i2 are matched, this rule can be expressed in a fuzzy form as follows:
If the average energy of c i2 is dominant, the regional energy of c i1 is dominant and c i1 and c i2 are matched, this rule can be expressed in a fuzzy form as follows:
(4) The acquisition of the weight According to the above eight rules, the principle of maximum membership degree is used to make fuzzy decisions.
(22)
The weights w c i1 (x, y) and w c i2 (x, y) are defined as: 
EXPERIMENTAL RESULTS AND DISCUSSION
To verify the validity of the proposed method, it is evaluated on three pairs of two multi-focus images ("Clock", "Book" and "Barbara"), and compared with the MP-based, DWT-based, GP-based, FSDP-based and WTFR-based [15] . The patch size and moving step size of the proposed method are fixed as 8 and 4, respectively. MP-based, DWT-based, GP-based and FSDP-based methods adopt the configurations that the decomposition level is 3, choose maximum absolute value scheme for high frequency coefficients and choose the weighted average scheme for low frequency coefficients in image fusion toolbox [17] . In WTFRbased method, the default configurations that the decomposition level is 1 and the wavelet base "db2" are taken. The fusion performance of the proposed method is analyzed both objectively as well as subjectively. In order to compute the objective performance of fused image, the following evaluation metrics are used. 1) Entropy (EN) is a measure of the richness of the image information. The larger the EN of fusion image is, the more the amount of information of fused image increases.
2) Mutual Information (MI), which is a measure of the correlation between the two variables. The greater the MI, the better of fused result is.
3) The Q AB/F metric [18] , which reflects the amount of edge information transferred from the input images to the fused image. The closer to 1 the value is, the better the result is.
4) The Overall Cross Entropy (OCE) is used to measure the difference between the two source images and the fused image. The smaller the OCE is, the better the fused image.
5) The Image Quality Metric (IQM) [19] requires reference image. It should be close to 1 as much as possible.
Note that except IQM, other metrics do not require the reference image.
Three Groups of Multi-focus Image Fusion Experiment
First, the proposed method and several compared methods are tested on "Clock" multi-focus images (with reference image). Fig. 3 , (a), (b) and (c) display the left-focused, right-focused and reference image, respectively. The small clock is clear and big clock is blurred in left-focused image, whereas the situation is opposite in right-focused image. In addition, the fused result using the proposed method and other results from MP, DWT, GP, FSDP and WTFR are showed in (d)-(i) of Fig.3 . From the fused results, it can be seen that MP-based method has the worst visual effect compared with other fused images. Obviously, artifacts appear in the edges of Fig.3 (e). Other methods basically are able to merge the "small clock" in (a) and the "big clock" in (b) into a clear image with all objects in "focus". But for WTFR-based method, the upper edge of "small clock" and "big clock" is blurred and distorted. In order to quantitatively evaluate the quality of the fused results, the above metrics are computed and listed in Table 1 (only the best results are highlighted). It can be seen from Table 1 that the fused result using the proposed method is of better Q AB/F , OCE and IQM performance, but the MP method has the best MI value and DWT method has the best EN property. It shows that the subjective experience is highly consistent with the objective evaluation. Next, the proposed method is tested on two pairs of multi-focus images without references ("Book" and "Barbara"). Owing to reference images do not exist, IQM is ignored.
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Multi In Fig.4 , the "Book" multi-focus images and fused results are showed in (c)-(h) of Fig.4 . In the left-focused image, the left book is focused while the right "OpenGL" is focused in the right-focused image. From Fig.4 , it is seen that the proposed method picks out clear textures from the source images to constitute the fused result. The visual effect of fused result using the MP-based method is worse. It can be observed that the edge of left "book" in (d) lost some useful information. In order to quantitatively assess the performance of fused images, the performance metrics are computed and listed in Table 2 (only the best results are highlighted). The table indicates that the fused result from the proposed method is of better Q AB/F , MI and OCE performance, but the MP method has larger EN value. This means that the amount of edge information transferred from input images to the fused image using the proposed method is more than other fused images. The correlation between the input images and fused image using the proposed method is larger than other fused images. And the difference between the input images and fused image using the proposed method is smaller than other fused results. Quantitative comparisons show that the proposed method achieves good performance.
In the last group of source images, the proposed method and compared methods are tested on "Barbara" multi-focus images. images is shown in Fig.6 . It is obviously that the texture of nose and lip using MP is blurred in Fig.6(c) . Due to the similar fusion results, it is difficult that assess the quality of the fused images only by visual sense. Therefore, the relevant metrics are calculated and listed in Table 3 (only the best results are highlighted). It can be seen that the fused result using the proposed method is of better Q AB/F and OCE performance. Although the MP method has larger MI value and EN value, the visual effect is the worst among the fused images. Our proposed method outperforms other methods in both subjectivity and objectivity. Thus, the proposed method is an effective image fusion approach. 
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The Effect of Patch Size on the Proposed Method
The effect of patch size on the Q AB/F and OCE performance of proposed method is discussed in this section (take "Book" and "Barbara" for example). Since the proposed method has two parameters, the moving step size is fixed to 2 when the effect of patch size on the proposed method is discussed. When the patch size varies from 4 to 12, the related Q AB/F , and OCE performance curves are shown in (a) and (b) of Fig.7 . For "Book" image, it can be seen that the Q AB/F value gradually drops with the increase of the patch size. But for "Barbara", the Q AB/F performance increases. The OCE value is overall down with the increase of patch size in "Barbara" image. But for "Book" image, the OCE value has a slight fluctuation around the value when the patch size is 8. Considering the changing trends of Q AB/F and OCE of two groups focus images, take the value of compromise and the patch size 8 is selected in this paper.
The Effect of Moving Step Size on the Proposed Method
The effect of moving step size on the Q AB/F and OCE is investigated. The same images as Section 4.2 are used. The moving step size varies from 1 to 8 and the patch size is set to 8 ¥ 8. When the moving step size varies from 1 to 8, the related Q AB/F and OCE are plotted in (a) and (b) of Fig.8 . For "Book" and "Barbara" images, the Q AB/F value decreases as the increase of moving step size. The OCE curves have a fluctuation with changed moving step size. Although the Q AB/F performance is better with the moving step size 1, the running time is long. When the moving step size is 8, the OCE and Q AB/F values are not ideal. Considering the running time and the performance of fused images, the moving step size is set to 4 in this paper. Figure 7 . The effect of patch size on the proposed method.
CONCLUSION
In this paper, a novel multi-focus image fusion method based on HOSVD and fuzzy reasoning has been proposed, which combines the advantages of HOSVD with fuzzy reasoning. The image patches of source images are constructed into a tensor and an efficient data-driven decomposition technique HOSVD is applied to decompose the tensor and extract related features. The decomposition coefficients of image patches are fused by the weighted average method. Since each source image's contribution to the fused image is uncertain, fuzzy reasoning is used to obtain the weight of fusion rule. Three features, including average energy, regional energy and match degree, are extracted and used to design fuzzy reasoning rule, which can integrate as much information as possible into the fused image. Experimental results show that the fused image using the proposed method contains abundant image information and edge details. Visual and quantitative comparisons indicate that the proposed fusion method is feasible, effective and robust. 
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